
Math 565: Functional Analysis
Lecture 14

Thu
. An infinite dimensional Banach space X doesn't admit a ctbl lineur (Hamel) basis.

Proof
.

Otherwise
,
X is athel union of finite dim subspaces , each of which is automatically

nowhere please
, contradicting that X is nonmeagre

Recall the slogan: weak regularity + algebraic structure > strong regularity.

Open mapping thm . Let X be Banach spaces. Then any continuous (cbdd linear surjective
T : X-> Y is open ,

i
.

o
. maps open sets to open sets .

Proof
.

We will repeatedly use the basic fact that translation is an isonetry /here maps open balls

to open ball of the came radius) and dilation is a homeomorphism which maps open balls centered

at O ho open balls centured nt D .
Devote by Blol and Brlyo the open balls in Xand

ot radius ra O centered at XoEX and yotY; ouit writing to and
go
ifReg are 0.

Claim 1. It is enough to show that TLBY) = BY for some 10.

Of of Claim. We need to dow that T(U) is open for each UEX
, equivalently , that each gETH)

has a ball Balzol = T(U)
. Letting xoEU with Txo-go

,
the openness of 1 gives

Blxo) = U for come 10. . But Br(xo) = BY - Xo and TIBC Bor by our assumption
and dilation

.
Heure T(BY kd)) = +(D) - Txo) = Br* - yo : BY (o) ·

Klaim)

Claim 2
.
T(BY) = Br for come 30. · Equivalently TCB) = Ber for all 100 .

Pf ofClaim
.
Since X = VBY

, surjectivity of T gives Y = WeT(B) . Because Y is
noumeagre,nEIN

TBA) is somewhere dense for some IN
, SOTIB) contains a worempty open set U .

Take yo
T(B) 1 U so Yo

:Txo for some Xot BY and Blyo) - U .
Then

↑ Bax) = T(BY - Xo) = T(B2) - T(xo) - BY(bol-30 : BY .



B dilation
,
we have that Flat

,

TB)=TB) BB ,
10 Vinin

Claim 3
. T(B1) = TIB) ·

Pf of Claim
.
Fix yeTLBYx) , so ExE BY wit Ily-Talk ↑ TXz

4 L

This y-Tx , E BriT(B) , 10 Exit Bin with Ily-ix . - Txulk *.TxspOThus
, y-tx . - Txz B = T(B)

,

etc. We obtain (xml = X
such that for each usl

,
Xut Byzn and lly-ZTxill

i = 1 24+ 1 ·

In particular, lxalkIn so the veries Exh converges absolutely , indeed [lall> Er = 1.n =1nz)

1) the completeness of X
,
X = Ix-exists and Hall Elkell En = 1

,
so xe BY

. By the reatin
nz)n = 1 nir1

nuity of T, we have TX = T(xu)=xr and by construction Ily-ixull = O, so

Klaim)
lly- Txll = 0 , i . e . y = Tx .

By Claim 3 and 2 , TCBIT(BY) 2 Brz ,
which finishes the prof by Claim 1. NEW

Cor . let X
,
Y be Banach spaces .

Then
any

continuous linear bijeties T : X+ Y in

a homeomorphism ,
i . e. T" is automatically continuous.

Cor . If I . ll ,, 11 . /la are two complete morms on a rector space
X and 11.11, Cllla

↓ come 20
,
then 111

,
and 11 . 11 are Lipschitz equivalent, i.. e . we also have

1 112- I'll : 11 , for some >O .

Proof. Apply the previous corollary to the identify map (X
,

11 . 11 . ) + (X
,
1 . 12).

Los (First isomorphism theorem)
.

Let X
,
Y be Banach spaces and T : X- Y be a

continuous linear
map .

Then X/meet and T(X) are isomorphicE TIX) is closed.

Proof
.

HW

Cor
. Every separable Banach space X is isomorphic to a quotient FIN/ by
come closed subspace = e'(I·



The next corollary of the open happing theorem is the well-known closed graph theorem,

for which we need to recall basic facts about continuous functions.

Facts
.

If X
,
Y are Hausdorff hopological spaces and fix - ↑ is continuous

,
ter

the graph Gf := ((x, 3) + XXY : f(x) = g) in closed in XxY (with the product top)
Proof. Fix (,g) Gp

,
so f(x) + y hence - disjoint open Vozf(x) and Vizy in Y · Byroctiunity,

open UzX such that F(u) = Vo so (n x V.)16 =0
,
so (4) UxVi = GF , hence at is open.

Fact 2 (surprizing) . Let X , Y be arbitrary top. spaces . A function fox- Y is cochinuous

It projy : GreX is open proje : Go-X is homeomorphism.

Proof
.
The main observation is heat for each VEY

,
(XxV)lG = (A"(v) x Y) & GF.

E . If proj : ha X is open , ther proj(Xx V) is open
for each

open VEY,

in heace +"N = projy("(V) x Y)1Ge) is open , hencef is continuous.

=>If f is antinous then "(u) is open for each open VI Y.
f"(v)xY

so projyxxvina = F"(l) is open . Also
, Projy(xi) 120) : I

which is open for each
open

HEX
. Since the sets XXV and UXY generate

the top on XXY and projylae is 1-1(so it respect intersections) , projx : GetX is open.

Closed graph theorem .

Let X
,
Y be Banach spaces.

Then
every lineu

T : X- Y whose

Graph is closed is continuous (= Add.
Proof

. Ge being closed in the Banach space XXY is a Barach space , so proje : Get X
is an open map , by the open mapping Her

,
heare T is continuous

Remark
. Why is the closed graph them useful ? It reduces proving the roctinaid of a

linea map
T :X-Y to proving the closedness of Ge

,
:. e . given yo- x in X

,

instead of coming hot (Txu) converges in Y and the limit is Tx
,
me can assure

(txn) converges and we only need to show but the limit is ty,


